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Abstract. In this work we analyze regular boundary value problems on a distance-regular graph
associated with Schrédinger operators. These problems include the cases in which the boundary has
two or one vertices. Moreover, we obtain the Green matrix for each regular problem. In each
case, the Green matrices are given in terms of two families of orthogonal polynomials one of them
corresponding with the distance polynomials of the distance-regular graphs.
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1. Introduction. In this work we analyze linear boundary value problems on a
finite distance-regular graph associated with Schrodinger operators with non constant
potential. The key idea is to take into account that any distance-regular graph can be
seen as the covering of a weighted path. Then, we obtain the Green matrix associated
with any regular boundary problem in terms of two families of orthogonal polynomials,
one of them given by the so-called distance polynomials that are closely related with
the intersection array of the graph. In spite of its relevance the Green function on
a path have been obtained only for some boundary conditions, mainly for Dirichlet
conditions or more generally for the so—called Sturm—Liouville boundary conditions,
see [5, 7]. Recently, some of the authors have obtained the Green function on a path
for general boundary value problems related to Schrédinger operator with constant
conductances and potential, [3].

Our study is similar to what is known for boundary value problems associated with
ordinary differential equations, [6, Chapters 7,11,12]. The boundary value problems
here considered are of two types that correspond to the cases in which the boundary
has either two or one vertices. In each case, it is essential to describe the solutions
of the Schrondinger equation on the interior nodes of the path. We show that it is
possible to obtain explicitly such solutions in terms of the chosen orthogonal poly-
nomials. As an immediate consequence of this property, we can easily characterize
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those boundary value problems that are regular.

2. Definitions and notation. A network I' = (V] E, ¢) is composed by a set of
elements V called vertices, a set of pairs of vertices F called edges, and a symmetric
map ¢ : V x V — [0,00) named conductance, associated to the edges. The order
of the network is n + 1, the number of its vertices. The Laplacian matrix of the
network I' is the matrix £ € M, 11xnt1 whose elements are (L£);; = —c(i,7) for
1 £ 7, (L)y = Z?:o ¢(i,7) and 0 otherwise, for any 0 < i,7 < n. The Schrédinger
matrix Lg on I' with potential () is a perturbation of the Laplacian matrix defined
as Lo = L+ Q, where Q = diag(qo, - --,qn), ¢ € R. Through the paper, # stands for
the n + 1-upla @ = (ug, . .., u,) € R** L

Given F' C V, the Schrédinger equation on F' with data f is the equation
(2.1) (Loi)i=fL, ieF, @ feR™,

and the equation (Lqa’); =0, i € F, @ € R""! is called the corresponding homoge-
neous Schrodinger equation on F'.

On the other hand, the boundary of F, §(F), is the set of vertices of V \ F
connected to a vertex in . A linear boundary condition B on J(F) is the equation
Bal = g, where Bj i € R", g € R. A two-side boundary value problem on F
consist in finding the vector @ € R™t! satisfying the Schrédinger equation and two
linear boundary conditions By, By € R™! on §(F), i.e., Loul = f, Bial = g,
Boi@ = go, for a given f € R, g1, go € R.

Some of the authors studied in [3] boundary value problems in a path P,.1,
considering as F' = {1,...,n — 1}, with conductances ¢(i,i + 1) = ¢(i + 1,4), and
c(i,7) = 0 otherwise, for any 0 < 4,5 < n. In this case, a vector @ € R"*! is a solution
of the Schrodinger equation with data f € R"+1 on F, iff it verifies

(2.2) C(i,i + 1)(ui - ui+1) + C(i,i — 1)(uz — ui_l) +qu;=f;,, 1<i<n-—1.

Therefore, L is a Jacobi matrix with non positive off-diagonal entries. By using
the usual techniques for solving second order difference equations (see for instance
[1]), given two solutions @, ¥ € R™™! of the homogeneous Schrédinger equation on
F, their associated wronskian is w[t, ¥](i) = uvit1 — vitir1, 0 < i < n — 1. Two
solutions i, ¥ € R™*! are linearly independent iff their wronskian is not null. More-
over, it is known that the product ¢(i,4 + 1)w[i, 0](¢) = ¢(0, 1)w[d, ¥](0) is constant
since Lg is a symmetric matrix. The Green matrix Gy € My {1xn+1 of the homo-
geneous Schrodinger equation on F' is defined as follows: Given @ and v two linearly
independent solutions of the homogeneous Schrodinger equation, we consider

1

(Gr)ij = c(j, 7 + Dwlw, ](5)

[uiv; —ujvs], 0<14,5<n.
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The above expression does not depend on the chosen linearly independent solu-
tions @ and ¥, and its relation with initial value problems is given in the following
results.

LEMMA 2.1. The Green matriz Gy satisfies that for a fired j € F the vector
g € R" such that (§); = (Gu)ij, for any 0 < i < n, is the unique solution of the
homogeneous Schrodinger equation on F satisfying also (Gr);; =0 and (Gu)jt+1,; =
—1/c(j,j +1).

Proof. First we prove that for a fixed j, (¢); = (Gu).; verifies the homogeneous
Schrédinger equation for any 0 < i < n:

c(iyi+1)((Gn)ig — (Gr)itry) + c(isi = 1D)((Ga )iz — (Gr)i-15) + ¢(0)(Gr )i

Gt 1)1 AT {c(i,i + 1)<(Ui'Uj — ;) — (U105 — Ujvi+1))—|-

+c(i, i — 1)((Ui1}j —uv;) — (ui—1vj — Ujvi—l)) + (i) (uiv; — Ujvi)} =

- c(4, 5+ 1)1w[a’ 7(5) ’ [(C(i,i-l- D(wi —wig1) + (i, i — 1) (u; —ui—1) +q(i )uz)’uj-l—

—l—(c(i,i—i— 1)(v; — vig1) + e(iyi— 1) (v; —vi—1) + q(3 )vz>uj} =0.
Besides, it is straightforward that (Gg);; = 0 and

i = TG — e =~
Grlssts = G v Du@ gy o~ = g

PROPOSITION 2.2. Given f € R"L, the vector j € R™ 1 such that
i
@o=0, (i=Y (Gu)ijfss for 1<i<n,

j=1
is the unique solution of the problem Lo = ]?T, with conditions (§)o = 0, (¥)1 = 0.

Proof. We just have to prove that (Lo¥)i = fx, forany 1 <k<n-—-1
(Lo = ek, k+ D&k = (@)r+1] + ek, k= D[(G)k — (@)r—1] + a(k) (@)

k+1

k
clk,k+1 [Z Gr)rjfi — Z(QH)kJrljfj}'i-

j=1
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k k-1 k
clk,k—1) [Z (G fi — Z(gH)kfljfj} +q(k Z Gu)iif; =
Jj=1 j=1 j=1

k-1

> ek, k+1)(Gr kg — (Gr)rrrg) + el k=) ((Gr)kj — (G )k—1) +q(k) (Grr)is) f5+

Jj=1

[e(k, k + 1) (G )rr — (G )rrar) + c(ky k — 1)(Gr)rr + q(k) (Gr)kr] fi

—c(k, k+ 1) ((Gr)k+1k+1 = clk, k + 1)[—(Gr)k+16l fre = fx

Finally (), = Z;ZI(QH)UJ‘} =(Gu)unfr=0.0

3. Jacobi matrices in distance-regular graphs. In a previous work [2], the
authors define the Schrodinger matrix associated to a family of orthogonal polynomials
in a weighted path of n + 2 vertices, P,42, which is a Jacobi matrix, and study BVP
associated to it. In this work we extend the problem to distance-regular graphs.

Consider a distance-regular graph I' = (V| E) of order n and degree §. Let I';(u)
denote the set of vertices of I' that are at distance ¢ from wu, then k; = |I';(u)| and
it holds k;c; = k;_1b;_1, for any 0 < ¢ < d. The intersection matrix of I' is the
non-symmetric Jacobi matrix

ag by ... 0 0

c1 ap ... 0 0
imy=1 S

0 0 ... ag_1 bg_1

0 0 ... «c¢q aq

where a; + b; +¢; =9,0<i<d, a9 =0,¢p =1, by = 6. For a given 0 < i < d,
let A; be the i-distance matrix of the graph, that is, the matrix whose elements
al, = 1 if the vertices u, v are at distance i. Note that Ay = I and A; = A is the
adjacency matrix of the graph. Now recall (see [4]) that in a distance-regular graph
these matrices are polynomial, that is, A; = p;(A). These polynomials are called the
distance polynomials and are a family of orthogonal polynomials, as they satisfy the

following recurrence relation

(3.1) pi(r) = (3: - ail) pi—1(z) — b:gpifz(w% 1<i<d,

(&) Ci i

where p_1(z) =0, po(z) = 1 and p1(z) = .
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On the other hand (see [?]), any distance-regular graph I' can be seen as the
covering of a weighted path Py 1, with conductances c(i,i — 1) = b;, ¢(i,i) = a;
and c(i,i + 1) = ¢;, for any 0 < i < d — 1, and 0 otherwise. Therefore, considering
a vertex u € V(') and the set of vertices of the graph at maximum distance from
u, that is T'y(u), let F’ be the rest of the vertices of the graph. To solve a BVP
in the boundary §(F") of the distance-regular graph is equivalent to solve it in the
boundary of the set F' = {1,...,d — 1} C V(Py+1) = {0,...,d}. Observe that the
adjacency matrix of the path is just i(T"), however is not a symmetric matrix. In order
to obtain the Schrodinger matrix associated to Pyy1 (which must be symmetric), we
multiply 4(T") on the left side by a diagonal matrix H = diag(ky ', ..., k;"). We point
out that this technique is also possible for Jacobi matrices, because the difference
equations associated to them are second order difference equations. The weighted path
associated to this symmetric matrix is the one having as conductances c(i,7 + 1) =
Cit1/ki, for any 0 <i <d—1.

Therefore, for any x € R we define the Schrédinger matrix Lg(z) associated to a
distance-regular graph, with potential Q(x) = diag(qo(z),. .., qa(x)) as the matrix

(I—ao)/ko —bo/kl 0 0
701//€0 (x—al)/kl 7b1/k2 0
(32) [:Q (1‘) = 0 _CQ/kl (.T — az)/kg . 0 ,
0 0 N ($ — ad)/k;d
where ¢;(x) = % - % - kfil is the potential of each vertex, for any 0 <1 < d—1.

Observe that the matrix is symmetric, as it holds b;_1 /k; = ¢;/k;i—1, for 1 <i < d—1.

Now consider the following two families of orthogonal polynomials: the distance
polynomials {p,}¢_ | and {r,}¢_ ,, with ro(z) =1, ri(z) = r_1(z) = ax + b. By
choosing as b_; = 1, a = 1/2 and b = 0 in the family {r,}¢__;, we also consider
x # 0, we get the following result.

LEMMA 3.1. The vectors § = (po(x),...,pa(z)), ¥ = (ro(z),...,rq(z)) € R+
form a basis of the solution space of the homogenous Schrdodinger equation iff x # 0.
Their wronskian is w([p, 7|(n) = x/2, for any 0 < n < d—1. The Green matriz Gy of
the homogenous Schrodinger equation is determined by

(33) (G = (@) (@) —py@)ri(@)], 0<ij<d, zeR.

T

Thus, the general solution y of the Schrodinger equation on F with data fe R s
giwen for any 0 < i <d by

(¥); = api(z) + Pri(z) + Z(gH)ijij o, eR.

k=1
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Proof. Tt is straightforward to check that p, 7 verify the homogeneous Schrodinger
equation Lou! = 0 as both verify the recurrence relation (3.1). Their wronskian can
be computed also by applying the same recurrence relation to the polynomials p,, 1 (x)
and 7,41(x) as

_ _| pnlz) r(x) | _ e )7 ) — z)r, (2)] =
e+ Qi) =| P T ) ) s o)

s = ]%w p,7(0) = p1(z) —ri(z) = 2

Thus p, 7 are two independent solutions iff z # 0, and the general solution of the
homogeneous Schriodinger equation is given by ¢, = ap+ 67, with a, 8 € R. Besides we
have to find a particular solution of the Schiodinger equation. Consider the particular
solution obtained in Proposition (2.2) (¢,)r = Zle(gH)kjfj, for any 1 < k < d,
(¥p)o = 0, then, the general solution of the Schrédinger equation on F' will be given
by ¥ = ¥ + ¥, and the result holds.

0

4. Green matrix of two side boundary value problems. In this section we
study problems with two side boundary conditions. Recall that a two side boundary
value problem on F consists in finding @ € R?! such that

(4.1) Loi" =fT onF, By’ =g, Byi® =g,

for given f € R¥! and g¢1,9> € R, where the boundary conditions B, and B, are
linearly independent, i.e., the rank of the following matrix is 2

Bi _ ( myp mix 0 ... 0 mig—1 Mg )
B mgo ma1 0 ... 0 mog_1 mag
Let p;; be the determinant of each 2 x 2 submatrix, p;; = mi;ma; — mo;my; for all

i,j € B=1{0,1,d —1,d} and 0 otherwise. Besides p;; = 0 and p;; = —p;; for any
i,7 € B. On the other hand consider the following associated BVP

(42) EQ'E[T = 6 on F’7 glﬁT = J1, B}ﬁT = ga,
(4.3) Loi” =fT onF, Bl =0, By’ =0,
(4.4) ﬁQﬁT =0 onkF, Bt = 0, Byl = 0.

The last problem (4.4) is called homogeneous BVP. The BVP (4.1) is regular
iff the homogeneous BVP (4.4) has the null vector as its unique solution. It follows
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by standard arguments that the BVP (4.1) is regular iff for each f € R has a
unique solution. Moreover the homogeneous BVP problem (4.4) has a unique solution
y = aiy + BUs, where ¥, U are two independent solutions of the homogeneous
Schrodinger equation, iff the following matrix is regular

Bio, B, a (0
Byt Boty J\ B ) \0)
Therefore the homogeneous BVP problem (4.4) is regular iff the determinant of this

matrix, that is, the boundary polynomial P, (z) = B0 - Baty — Ba¥y - B1tiz is not
null, and hence, it also holds that the BVP (4.1) is regular.

Now by using Lemma (3.1) we consider two independent solutions of the homo-
geneous Schrodinger equation, §= (po(x),...,pqs(x)) and ¥ = (ro(x),...,rq(x)), and
compute the boundary polynomial in this case

o o . . x
Py(x) = Bip- BoF' = Bop - Bir' = > pygpi(a)rj(w) = 5 > 1 (G-

»,jEB i<d
i.jEB

Furthermore the unique solution for problem (4.1) can be obtained as the sum
of two solutions @ = iy + s, respective unique solutions of both problems (4.2) and

(4.3). Nevertheless, the following lemma shows that any general BVP (4.1) can be
restricted to a semi-homogenous one of type (4.3).

LEMMA 4.1. Let gl, B, be two linear boundary conditions and let i, € R4T!
such that glﬁg = g1, ggﬁg = go. Then i € R4 is a solution of the boundary value
problem Loidl = f on F, Byl = g1, Byil = g2 if and only if ¥ = U — u, is the
solution of the boundary value problem LQT = f— EQU;‘C on F, BT = 0, BoiT = 0.

Therefore, just by considering the vector 4, = aép — BE1 — V€q—1 — 6€q where &
is the i-th caracteristic vector, «, 3,7, € R, the boundary value problem (4.1) can
be restricted to the semi-homogeneous boundary problem (4.3) with

y - T—a c . cr ba—2
Lot = f+ —ﬂg ta )&+ B2p8 + 268 o
kl k‘o k’1 kd—l

(x — ag—1) ba—1)
— ) _
+ < v kdfl + kd Ed—1,

on F and boundary conditions B197 = BytT = 0. Thus, we focus on solving regular
BPV of type (4.3).

The solution of any regular BVP (4.3) can be obtained by considering its resolvent
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kernel, i.e., the matrix Go(x) € My« such that fixing a column s € F'
d
> Lo (Ga@)s =&, Bi-(Go(®))s =B (Ga())s = 0.
k=0

This matrix is named the Green matriz for Problem (4.1). Notice that for any f €
R?*+1 the unique solution of the problem (4.3) is given by i), = Zf;i(QQ (@))ks * fs
for any k€ V.

THEOREM 4.2. The BVP (4.1) is regular iff

Pu@)=2 3 u(Gu@)i £0

The Green matriz of the BVP problem (4.1), for any s € F, k € V, is the matriz
whose ks-element, (Go(x))ks, is given by

) d
2PZ($) kz;lﬂd—ld(gH(CC))sk+;(gH(z))ik j;;lﬂij(gH(x))sj

+{ 0 k <s,
Gu(x)ks k=>s.

Proof. The unique solution of the problem (4.3) can be expressed as the sum
of the general solution of the homogenous Schrédinger equation plus a particular
solution of the problem (4.3): @ = 1}, + i,. The general solution of the homogeneous
Schrodinger equation 4}, is given by Lemma (3.1) and we can also consider as i, the
same computed in Lemma (3.1), that is, @, = Gy (z)f. Then @ = ap + bF + Gy (2)f,
and we just have to impose the boundary conditions Bii = 0, Baii = 0 to obtain the
value of the parameters a, b € R of the unique solution of problem(4.3). Observe from
Lemma (3.1) that for a fixed column s € F', k € V, the Green matrix Gg(z) of the
boundary value problem (4.3) is given by

0 if k<s,
(Gu(x))ns if k> s.

Therefore for a fixed s € F' we just have to solve the system

B By () BL(Gn ().
BopT  Bait b(s) Ba(Gr(x)).s |’

(Go@))e = a(s)pu() + b(s)r(e) + {

and thus
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From Proposition 2.2 we have that for i = 1,2
BiGr(z).s = mia—1(Gr(x))a—1s + mia(Gr (z))as.

And thus

1 d
Pg(z)a(s) = Z > wiri(@) (G (@) s — ta-1a(Gr (2))a—1ars (@),

1 d
Pe()b(s) ==Y > pigpi(@)(Ga(2))js + ta-1a(Gr (x))d—1aps ().

i=0 j=d—1

Finally we obtain Pg(x)[a(s)pk(z) + b(s)rg(z)] =

d
> wij(Gn(x))s
—d—

1

2 N tac1a(Gr (@) a—1a(Grr (@) e + > (G (@))in
1=0

[\

J

Finally, we would like to point out that the solution for problem (4.2) can be
also expressed in terms of the homogeneous problem Green matrix Gy (z). A vector
i) € R4 is a solution of problem (4.2) iff @ = ot + B7, where a, 8 € R and {, 7'}
is a basis of solutions of the homogeneous equation on F', satisfies

= - Bial BT «
T T 1 1 (0
Blul =0, Bgul =0 < < BQﬁT BQUT ) ( ﬁ ) = ( o ) .

The parameters a and 3 can be computed just by solving the above linear system,
obtaining that

a= BoiT g1 — Byt ga], 8= (Bri" gy — Boii” g1],

P, (x) Py (x)

and therefore, the solution iy = o + B¢ of problem (4.2) is given by

(4.5) (1) = %(x) Z (Gu(x))ir(m1ig2 — maig1)
B i€{0,1,d—1,d}

5. Common two side boundary value problems. In what follows we study
the more usual boundary value problems appearing in the literature with proper
name; that is, unilateral, Dirichlet and Neumann problems, or more generally, Sturm-
Liouville problems.

The pair of boundary conditions (gl,gg) is called wunilateral if either m; ; =
ma,; = 0, for any j € {d —1,d} (initial value problem) or m; = ms,; = 0, for any



10 E.. Bendito, A. Carmona, A. Encinas and S. Gago

i € {0,1} (final value problem). Therefore for the initial value problem we have that
only po1 # 0 and Py (x) = $p01(Gr)or = —po1, and for the final value problem only

Ha—1,d # 0 and Py (x) = %Md—ld(gH)d—ld = %kglud_m- Observe that in both cases
since the boundary conditions are linearly independent, both unilateral boundary
problems are regular. Therefore, any unilateral pair is equivalent to either (ug, 1) for

initial value problems, or (u4—1,uq) for final value problems.

COROLLARY 5.1. The Green matrix for the initial boundary value problem is
given by
0 k <s,
Gru)ks k> s.

Galomn = { |
Whereas the Green matriz for the final boundary value problem is

Gr)ks k<,
0 k> s,

2 kq_
2 g 1a(Gr) sk + {

xPg(x) cq

(gQ(kas =

foranyse F, keV.

The boundary conditions are called Sturm-Liouville conditions, when my; =
ma; =0, for i € {0,1}, j € {d — 1,d}; that is, when

(5.1) B = aug +bu; and  Byii = cug_1 + dug,

where a, b, c,d € R are such that (Ja| + |b])(|c| + |d]) > 0. The most popular Sturm-
Liouville conditions are the so-called Dirichlet boundary conditions, that correspond

to take b = ¢ = 0, and Neumann boundary conditions, that correspond to take b = —a
and d = —c.

COROLLARY 5.2. Given a,b,c,d € R such that (la| + |b])(|c| + |d]) > 0 and the
Sturm-Liouville boundary conditions, then

Pp(x) = ; [(a +bpi1(2)) (cra—1(z) + dra(z)) — (a +bri(2)) (cpa-i(z) + dpd(x))} ,

and the Green matriz for the Sturm-Liouville BVP is for any 0 <k <s<d—1 and
1 < s; whereas

(Go(@)ks = sp2;  [(a+bp1(2)r(@) = (a+br (@) pe(a)]

{(drd(x) + crd_l(x))ps(a:) — (dpd(a:) + cpd_l(x))rs(z)],

foranyd>k>s>1and s <d—1. As a consequence, the boundary polynomial for
the Dirichlet problem is

Po(a) = gead[(1+ pi(@)ra(e)) — (14 ra(@pa(e))],
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and hence it is reqular iff rq(x) # pa(z), and the Green’s matriz is given by

(pr (@) —ri(@)) (ra(@)ps (@) —pa(@)rs(2))
p1 (@) (ra(@)—pa())

, k<s

gQ ()ps =
(pe(@)—ra(@)) (ra(@)pe (@) —pa(@)ri(x))

p1(z) (Td(ﬂi)—pd(w))

, k>s.

Finally, for Neumann boundary problem, the boundary polynomial is

Pp(x) = gac{(l —pl(x)) (rd_l(a:) — rd(a:)) — (1 — 7“1(33)) (pd_l(x) —pd(x))}

and the ks-clement of the Green matrix, (Gg(x))xs, for the Neumann problem is

|:(1*r1 (@))pg (z)— (17131 (z)) Tk (E)] |:7'5(1') (Pd(z)*Pd—l (w)) —ps(x) (T'd(l‘)*rdq (Z)>:|
p1(x) [(1*T1(I)) (Pd(w)*:vdq(z)) - (1*171(1)) (Td(m)*Td—l(f”))]

forany 0 < k<s<d-—1and 1< s; whereas

|:(1—7"1 (x)ps(z)— (1—191 (90)) Ts(w):| |:7'k(95) (Pd(x)—pd—l (90)) —pi () (Td(x)_rd—l (»'C)):|
p1() [(1*T1(I)) (Pd(z)*qu(I)) - (1*P1(z)) (Td(z)*rd—l(m>):|

foranyd>k>s>1and s<d-—1.

6. One side boundary problems. In the last section we analyze one side
boundary value problems; i.e, the boundary conditions are located at one side of the
path P,yo. So if we consider the vertex subset F = {0,1,...,d — 1}, the vector
B=(0,...,0,a,b) € R such that

Bi" = aug_i + bug, for any @ € R4,

is a linear one side boundary condition on F with coefficients a, b € R, wherever
la| + |b] > 0. Moreover, an one side boundary value problem on F consists in finding
@ € R such that

(6.1) Loi® = fon F, Bi=g,

for a given f € R%! and g € R. The problem is called semi-homogeous when g = 0
and homogeneous if, in addition, f =0 e R, Again, the one side boundary value
problem is regular if the corresponding homogeneous problem has the null function as
its unique solution; equivalently, (6.1) is regular iff for any data f cR* andgeR
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it has a unique solution. In this case, the Green function for the one side boundary
value problem (6.1) is the function Gg(x) € M, 5 characterized by

(6.2) Lo(Gg(x)). s =es on F, B(Gg(x)).s =0, foranyse F.

The analysis of one side boundary value problems can be easily derived from the
study of two side boundary value problems by observing that (6.1) can be re-written
as a two side Sturm—Liouville problem as follows

—

(6.3) LQﬁT = fon F, (z—agp)ug —crur = kofo, Bi=g.

COROLLARY 6.1. Given the one side boundary value problem (6.1), then

s(T) = § [(m —ag — clpl(x)) (ard,l(x) + brd(:r))
—(z — ag — c1r1(2)) (apa—1(x) + bpd(x))},

and the Green function is

[m(x) (1-p1(a)) —m(w)}

9q (T)ps =

p1(x) |:(p1 (z)— 1) (brd (z)+arqg—1 (z)) +bpa(z)+apa—1 (x):|

X [(brd(x) + ard_l(:c))ps(x) — (bpd(:v) + apd_l(x))rs (x)]

for any 0 < k < s < n; whereas

Go()ks = [”(w) (1—171(9:))—175(95)}

() [(m (2)=1) (bra(z) +ara_1(z)) +bpd<x)+apd71(x>]

X [(brd(x) + ard_l(x))pk(x) — (bpd(a:) + apd_l(x))rk (x)]
foranyd>k>s>0ands<d-—1.
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